In recent work by Kabat and Taylor, certain Matrix theory quantities have been identified with the spatial moments of the supergravity stress-energy tensor, membrane current, and fivebrane current. In this note, we determine the relations between these moments required by current conservation, and prove that these relations hold as exact Matrix Theory identities at finite N. This establishes conservation of the effective supergravity currents (averaged over the compact circle). In addition, the constraints of current conservation allow us to deduce Matrix theory quantities corresponding to moments of the spatial current of the longitudinal fivebrane charge, not previously identified.
Introduction
Since the original BFSS conjecture [1] , a remarkable correspondence between matrix quantum mechanics and eleven-dimensional supergravity has emerged. Matrix theory states corresponding to gravitons, membranes, and fivebranes have been identified, and many aspects of the interaction between these objects calculated from Matrix theory have been shown to agree with supergravity predictions ( [3, 2, 4] and refs. therein). Certain apparent discrepancies have also been pointed out, however (see, for example [10, 11] ).
Recently, more general results involving the interaction potentials of arbitrary separated objects have been proven [5, 6, 7] . In particular, Kabat and Taylor [7] have shown that in a Matrix theory background corresponding to two arbitrary well separated objects, a series of terms in the one-loop matrix theory potential exactly reproduces the linearized supergravity potential arising from the exchange of quanta with zero longitudinal momentum. Central to this analysis was a proposal for the identification of certain Matrix theory quantities with the spatial moments of the stress-energy tensor, membrane current, and fivebrane current of the related supergravity theory. These definitions give a precise correspondence between a given Matrix theory background and the distribution of matter and charges in the transverse spatial dimensions of the supergravity background. Recently, this correspondence has been used to show that the statistical calculation of black hole entropy in the Matrix description of M-theory reduces to the original Gibbons-Hawking calculation of thermodynamic entropy [13] .
Crucial to the consistency of eleven-dimensional supergravity is the conservation of the stress-energy tensor, membrane current, and fivebrane current, since these are the currents which couple to the massless particles of the theory. If Matrix theory actually does contain a description of supergravity, we expect that this current conservation should be derivable directly from matrix theory. Thus, an obvious consistency check for the identifications in [7] is to determine whether or not the moments, as defined in Matrix theory, obey the relations imposed by conservation of the respective currents. This is the aim of the present paper.
In section 2, the relations between the moments of a spacetime current dictated by current conservation are derived. In section 3, we show that all such relations involving the moments identified in [7] from Matrix theory are satisfied as precise, finite-N Matrix theory identities. This demonstrates that the definitions given are consistent with supergravity current conservation. Alternatively, our results prove the conservation of ten-dimensional spacetime currents which we associate with the supergravity stress energy tensor and membrane current averaged over the compact circle. In the case of the fivebrane current, previous work suggested only a definition for the static longitudinal fivebrane charge, but the relations we derive give a natural Matrix theory definition for moments of the spatial current associated with this charge. Section 4 contains a discussion of our results.
Predictions of conservation equations
In this section, we wish to derive the relations among the moments of a given spacetime current imposed by current conservation.
We consider a current C µ (x) with compact support in a (for now) uncompactified spacetime with spatial directions i = 1, ..., d. Define the spatial moments of this current as
Now, assuming the current is conserved,
so, integrating by parts and using the definition above, we find
This is our desired relation. It expressed the time derivative of the moments of a conserved charge in terms of moments of the associated spatial current.
In the case of a theory with a compact circular direction x − , relevant to finite N Matrix theory, x − is not continuous around the circle, so we should define moments with a periodic variable in the integral (e.g. Fourier modes around the circle). Thus, we take
In this case, the relevant relations become:
where we have use indices appropriate to a lightlike compactified theory. The relations for m = 0,
simply express the fact that the averaged current dx − C µ (x), µ ∈ {+, 1, ..., 9} obeys the conservation equations for uncompactified ten-dimensional spacetime (compare (1)).
In fact, it is these m = 0 moments, of the stress-energy tensor, membrane current and fivebrane current, that appear in the supergravity potential between widely separated objects arising from the exchange of quanta with zero longitudinal momentum. Hence, it is these objects for which corresponding Matrix theory quantities were deduced in [7] . In the following sections, we recall these identifications and show that these do in fact satisfy all relations (3) implied by current conservation.
Proof of conservation relations
In this section, we review the identifications made in [7] between Matrix theory quantities and moments of the supergravity stress-energy tensor, membrane current, and fivebrane current, and show that these objects satisfy all relations required by conservation of the respective supergravity currents.
Stress-Energy Tensor
In [7] , the following Matrix theory quantities were identified as the transverse spatial moments of the stress-energy tensor (integrated around the compact circle) for a given Matrix theory background X i satisfying the equations of motion. Defining
, we have (supressing the subscript 0 which denotes the zeroeth fourier mode)
Here, STr is a symmetrized trace, in which for each term we take an average of all possible orderings of the independently written factors (i.e. F ij is to be treated as a unit). From equation (3) we find that current conservation implies the following relations among these moments
for arbitrary n and µ ∈ {+, −, i}. (Recall that x + is the Matrix theory time). We now prove these as exact Matrix theory identities. For µ = +, we have (using a bar to denote an omitted index)
In the next case (µ = i), using equation (6) from the Appendix, we have
where we have used the equations of motionẌ
in the third line. We emphasize that each commutator is to be treated as a unit in the symmetrization, throughout this work. For the last case (µ = −), using equation (7) from the appendix, we have:
as desired. Therefore, the Matrix theory quantities T −l j (l 1 ···l j ···ln) satisfy all relations expected for moments of a conserved current. We may thus define a ten-dimensional spacetime tensor
interpreted as the eleven-dimensional stress-energy tensor integrated over the compact circle. The relations we have proven show that these ten-dimensional currents are conserved, ∂ µ T µν (x) = 0 where µ runs over {+, 1, 2, ..., 9} and ν = 1, 2, ..., 9, +, or −. Note that the moments we have been discussing contain no information about the distribution of matter in the compact direction. This is encoded in the m > 0 moments in equation (2), and these did not appear in the supergravity potential arising from the exchange of quanta with no longitudinal momentum.
Membrane current
The membrane current is a totally antisymmetric tensor whose spatial moments (averaged over the compact circle) for a given Matrix theory background were deduced to be
Conservation of the membrane current requires the following relations between the moments (3):
Since J is an antisymmetric tensor, it suffices to give a proof for (µ, ν) = (i, j) and (µ, ν) = (−, i).
In the first case, we have
where we have used equation (6) from the appendix to arrive at the second line.
For (µ, ν) = (−, i), we have
as desired. In [7] , it was noted that the terms
appeared in the matrix expression for J −ij but vanished for a classical membrane. Their physical interpretation was therefore unclear, however, we see here that they are necessary for current conservation at finite N.
Thus, we have shown that the matrix theory quantities J µνλ(l 1 ···ln) satisfy all relations expected for moments of a conserved membrane current. As with the stress energy tensor, we may define a ten-dimensional tensor
interpreted as the eleven-dimensional membrane current integrated over the compact circle. The matrix identities we have shown amount to a proof of the conservation of these tendimensional currents, ∂ µ J µνλ (x) = 0 where µ runs over {+, 1, 2, ..., 9} and ν, λ = 1, 2, ..., 9, +, or −. Again, these moments do not give any information about the charge distribution in the compact direction.
Fivebrane current
In the case of the fivebrane current, not all components had moments appearing in the potential considered in [7] , so the authors were only able to determine expressions for the moments of the static longitudinally wrapped fivebrane charge,
However, these moments appear together with moments of M −ijklm in the relations imposed by conservation of fivebrane current. Requiring these relations to be satisfied in Matrix theory we are led to define
With this definition, it may be checked using equation (7) that the conservation relation
is satisfied. The remaining components of the totally antisymmetric membrane current, M +ijklm and M ijklmn are the charge and spatial current of the transverse fivebrane, poorly understood and perhaps vanishing in Matrix theory.
Discussion
The results described here provide further evidence for the connection between Matrix theory and eleven-dimensional supergravity. Starting with the Matrix theory quantities identified in [7] as corresponding to moments of the stress-energy tensor and membrane current, we have demonstrated that all relations required by current conservation hold as exact matrix identities at finite N. For the longitudinal fivebrane current, only the static charge had been identified previously in [7] . By requiring consistency with the fivebrane current conservation equations, we have been led to a definition for moments of the spatial current associated with this charge (equation (4)).
Our results show that for a given Matrix theory background, we may associate corresponding ten-dimensional stress-energy, membrane, and longitudinal fivebrane currents (the eleven-dimensional currents averaged around the compact circle) which are conserved in the ten-dimensional sense. This current conservation, manifested in Matrix theory as the series of non-trivial identities we have proven, is essential to the validity of the correspondence with supergravity.
Though convincing evidence has been given that finite-N Matrix theory is a description of DLCQ M theory [8, 9] , it is not clear that DLCQ M-theory has a low energy description as DLCQ supergravity (see however, [12] ). Many properties of supergravity, including many aspects of the long range interactions between objects, seem to be reproduced correctly in finite N matrix theory, however others, such as the equivalence principle [7] seem only to be recovered in the large-N limit of matrix theory. Thus, it is particularily interesting that our results hold exactly at finite N.
It is important to note that the moments we have been dealing with contain no information about the distribution of matter or charge in the longitudinal direction. In supergravity, this information appears as non-zero fourier modes of the current around the compact circle (m > 0 in equation (2)). These moments do not contribute to the supergravity potential arising from the exchange of quanta with zero longitudinal momenta, so if corresponding Matrix theory quantities were to be deduced in an analogous way it would probably require a study of processes involving longitudinal momentum transfer. Actually, it is unclear to what extent a distribution of matter and charge in the compact direction is encoded in the finite-N Matrix theory variables. If DLCQ supergravity is not an appropriate description of DLCQ M-theory, then it may be incorrect to speak classically of a full eleven-dimensional current. In certain sectors of Matrix theory, for example matrices which describe membranes with no winding around the compact direction, a classical current distribution in the longitudinal direction (up to an undefined constant) certainly is encoded in Matrix theory, at least in the large N limit. However, there may be some ambiguity at finite N, in particular for states with winding around the compact circle.
